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Abstract. Given an associative algebra A, and the category, C, of its finite dimen- 
sional modules, additional structures on the algebra A induce corresponding ones 
on the category C. Thus, the structure of a rigid quasi-tensor (braided monoidal) 
category on Rep a is induced by an algebra homomorphism A ^ A ® A (comultipli- 
cation), coassociative up to conjugation by <I> G A®^ (associativity constraint) and 
cocommutative up to conjugation by 7?, 6 A®"^ (commutativity constraint), together 
with an antiautomorphism (antipode), 5, of A satisfying the certain compatibility 
conditions. A morphism of quasi-tensor structures is given by an element F G A®"^ 
with suitable induced actions on TZ and S. Drinfeld defined such a structure on 
A = U{Q)[[hW for any semisimple Lie algebra Q with the usual comultiplication and 
antipode but nontrivial TZ and $ and proved that the corresponding quasi-tensor 
category is isomomorphic to the category of representations of the Drinfeld-Jimbo 
(DJ) quantum universal enveloping algebra (QUE), Uh{Q)- 

In the paper we give a direct cohomological construction of the F which re- 
duces ^> to the trivial associativity constraint, without any assumption on the prior 
existence of a strictly coassociative QUE. Thus we get a new approach to the DJ 
quantization. We prove that F can be chosen to satisfy some additional invariance 
conditions under (anti) automorphisms of C/(t/)[[/i]], in particular, F gives an isomor- 
phism of rigid quasi-tensor categories. Moreover, we prove that for pure imaginary 
values of the deformation parameter, the elements i*", R and 3> can be chosen to 
be formal unitary operators on the second and third tensor powers of the regular 
representation of the Lie group associated to Q with $ depending only on even pow- 
ers of the deformation parameter. In addition, we consider some extra properties of 
these elements and give their interpretation in terms of additional structures on the 
relevant categories. 



§0 Introduction. 

The original interest in quantum groups and quantized universal enveloping 
algebras (QUE) came from the existence of a universal i?-matrix satisfying the 
Yang-Baxter equation. From the point of view of representation theory the Yang- 
Baxter equation is a consequence of the more fundamental hexagon identities, which 
are the basic identities for the braiding in a braided monoidal (quasi-tensor) cat- 
egory. However from the categorical perspective there is something unnatural in 
the standard axioms for quantum groups since there is a second basic operator, the 
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associativity constraint, which is restricted to be the identity. A more natural, al- 
though technically more involved, set of axioms was introduced by Drinfeld in [Drl, 
Dr2] for the algebraic structure which he called "quasi-triangular quasi-Hopf alge- 
bra." The axioms for such structures are precisely those required in order that the 
category of finite dimensional representations be a rigid braided monoidal category, 
without restricting the associativity constraint to be the identity. 

We review some basic definitions. A quasi-bialgebra is an associative algebra, 
A, with comultiplication A : A —>■ A ^ A, which is not necessarily coassociative. 
However there is given an invertible element of the triple tensor product, $ e 
A®^, which expresses the relation between the two iterated comultiplications by 
the formula 

(1) $(A(g)i(i)A(a) = (id® A)A(a)$ for a e A. 
An additional condition on $ is the identity in A®^, 

(2) {id®^ ® A)($) ■ (A ® = (1 ® $) . (id ® A ® id){^) ■ ($ ® 1). 



This equation comes from requiring the pentagon identity in the category of finite 
dimensional representations of A as explained in the next section. In a quasi- 
triangular quasi-bialgebra we are given a so-called i2-matrix, TZ, which is an invert- 
ible element of the double tensor product, expressing the relation between the 
comultiplication and the opposite comultiplication, A°p = aoA for a{a^b) — b^a, 
by the formula 

(3) 7^A(a) = A°P(a)7e, for a E A. 

The compatibility conditions between TZ and $ are given by the identities in A'^^, 

(4a) (A (g) id)TZ = $3127^13^^132-)-1^23^ 

(4b) {id ® A)n = ($231)-l-^13^213-^12^-l_ 

These two equations correspond to two commutative hexagons diagrams which. 
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corresponding to (3) generate all the relations involving the associativity constraint 
and the commutativity constraint in a quasi-tensor category. A quasi-bialgebra 
with an antipode (see §1) is called a quasi-Hopf algebra. 

In the context of deformation theory, Drinfeld proved two important results 
about the existence and uniqueness of such structures. Let ^ be a Lie algebra 
over a field K of characteristic 0, be the ring of formal power series with 

coefficients in and f/(^)[[/i]] = U{Q) ®k K[[h]], the completed tensor product. 
The first result says that for any symmetric ^-invariant element t e Q®"^ there 
exists a ^-invariant element e satisfying the pentagon identity 

and such that together with TZ^ = e'^*''* it satisfies the hexagon identities. These 
elements define a deformation (quantization) of the universal enveloping algebra 
as a quasi-triangular quasi-Hopf algebra, {U {Q)[[h]],TZh-,^h)- The basic algebraic 
operations, multiplication, comultiplication and antipode, are undeformed, being 
defined on ?7(^)[[/i]] by the linear extension of the standard operations on 

U{Q). The second result says that, modulo an equivalence relation corresponding 
to an equivalence of braided monoidal categories, this deformation is unique. 

A non-trivial Hopf algebra deformation oiU{Q)^ the Drinfeld- Jimbo quantum 
universal enveloping algebra (DJ QUE), was constructed by explicit formulae about 
1985 [Dr3] [J] . The existence of such a deformation together with the uniqueness the- 
orem just mentioned proves that Drinfeld's quasi-Hopf deformation has an equiva- 
lent Hopf presentation. The equivalence is defined by an element F/^ e (U {Q)®'^[[h]] 
which transforms to 1 and conjugates the comultiplication, see equations (17) 
and (26) below. From this point of view the existence F follows from the prior 
knowledge of the existence of a Hopf deformation. 

In our approach the existence of F is proved directly. This gives an new, less 
ad hoc, construction of the DJ QUE and suggests an approach to the construction 
of other examples. We use the methods of the classical deformation theory of alge- 
bras as developed by Gerstenhaber, with Cartier coalgebra cohomology replacing 

tj„„l .u;lJ — T„ „ l.;„J . ] „1 — i- — j-l 
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also use Chevalley-Eilenberg Lie algebra cohomology. 

The paper is organized as follows: In §1 we give some of the basic definitions 
from category theory and explain the axioms for the antipode in a quasi-Hopf al- 
gebra. In §2 we review Drinfeld's cohomological proof of the existence of $ and 
show how to include some additional symmetries, the significance of which have 
been explained in §1. Then in §3 we prove our main result, which says that, given 
an infinitesimal / e A^^, which induces the structure of a Lie bialgebra on ^, in 
order for there to exist a Hopf (as opposed to quasi-Hopf) quantization of U{Q), 
it is enough that a certain subcomplex of the Chevalley-Eilenberg complex of Gj^ 
(the induced structure on the dual of the Lie algebra Q) have zero cohomology in 
dimension 3. In §4 we apply this result to the DJ infinitesimal for a simple Lie 
algebra and give a purely cohomological proof of the existence and uniqueness up 
to equivalence of the DJ quantum group. Our proof is in much the same spirit as 
the cohomological proof of the existence of quantizations of certain Poisson brack- 
ets, [DS,Li,DL]. Having dealt in detail with the construction of the associativity 
constraint, in §2, in the appendix we sketch Drinfeld's cohomological proof of 
the existence of a pair ($/i, TZh) satisfying the pentagon and hexagon identities. We 
prove that for pure imaginary deformation parameter, h = —h, the elements F, R, 
and $ can be chosen to be formal unitary operators on the second and third tensor 
powers of the regular representation of the Lie group associated to Q. Moreover, 
we consider some extra properties of these elements and give their interpretation 
in terms of additional structures on the category of representations. 

§1 Preliminary categorical remarks. 

Recall that a monoidal category is a triple (C, (8), 0) where C is a category 
equipped with a functor (g) : C x C ^ C, called the tensor product, and a functorial 



latter satisfies the pentagon identity, that is, the diagram 

(5) 

{{M^N)®P)®U — ^ (M iV) (P O C/) — ^ M^{N®{P®U)) 



{M®{N®P))0U > M ® ((A^ ® P) ® U) 

is commutative. In addition we assume the existence of an object 1 which is a two 

sided identity for (8) and such that the composition 

(6) M^N — ^ (M (8) 1) (8) TV ^ M (8) (1 (g) TV) — ^M^N 
is the identity. 

Let ^ be a Hopf algebra over a field K, of characteristic zero, and let Mod^ be 
the category of A modules which are finite dimensional vector spaces over K. First 
we define the structure of a monoidal category on ModA using the comultiplication. 
Given two representations, pm '■ A — > End(M) and pn : A ^ End(A'") on M and 
N respectively, the tensor product (over K) of vector spaces, M <^ N is naturally a 
representation of the tensor product of algebras 

PM (S) pN ■■ A (g) A ^ End(M) ® End(iV) = End(M ® N). 

Composition with the comultiplication 

(7) PM0N = (pm <S) Pn) o a 

defines a representation oi A on M ^N. Since the comultiplication is coassociative 
we can take as the associativity constraint in C the identity morphism. The element 
1 is given by the field K with A module structure coming from the augmentation 
of A, e : A K. For a quasi-Hopf algebra we use the same definition of the 
tensor product, but since the usual coassociativity condition is replaced by (1), the 
associativity constraint is given by the action of $ arising from the natural A®^ 
module structure on the triple tensor product of A modules. Equation (2) implies 
the commutativity of the pentagon (5). In order to guarantee condition (6), $ must 
satisfy 

z"^' J /Ok - /o ^' J^/T\ 1 



We say that a monoidal category C has a rigid monoidal structure if for each 
object M there is a "left dual" object M* and a "right dual" object *M together 
with morphisms 

(8) 

(a) 1^M®M*, (b) M*®M^1, (c) 1 ^*M®M, (d) M®*M^1. 

For the left dual object we require that the following two compositions give identity 
morphisms, 

(9a) M^1(8)M^(M® M*) ®M ^M® (M* ®M)^M®1^M, 

(9b) M* ^ M* (8) 1 ^ M* ® (M ® M*) '''-^ {M* ® M) ® M* ^ 1® ^ M*, 

and similar diagrams for the right dual. 

The antipode of a (coassociative) Hopf algebra, A, is an operator, S : A ^ A 
satisfying, 

m{S (g) id)A{a) = e(a) = m{id O A)S{a). 

A rigid monoidal structure on the category Mod^ is given by defining the left dual 
as the vector space dual with (left module) action given by a • A = A o 5'(a). The 
A module morphisms, 1 ^ M <S) M* and M* M ^ 1, in (8a,b) are defined by 
1-^ k-id, where M®M* is identified with End(M), and \®x ^ \{x) respectively. 
The vector space structure on the right dual is the same as the left dual but the 
module structure is given by a • A = A o S~^{a). 

In the case of modules over a quasi-Hopf algebra, conditions (9a,b) give two 
equations relating the antipode and $. We introduce two new elements a, P G A 
coming from the definition of the morphisms in (8). 

1^M<®M* is given by k ^ k ■ {pm{P) <^ I) o id 



and 



Then the axioms for the antipode in a quasi- Hopf algebra, (equations 1.17-1.19 of 
[Drl]) and equation (10) below guarantee that Mod^i is a rigid monoidal category. 
We use the Sweedler notation A (a) = ® '^(2) ^^d sometimes delete the 

summation sign for simplicity in notation. 

(10a) a(i)/3S'(a(2)) = e(a)/3 corresponding to diagram 8(a) 

(10b) 5(0(1) )Q!a(2) = e{a)a corresponding to diagram 8(b) 

(10c) $i/95'($2)ci$3 = 1 corresponding to diagram 9(a) 

(lOd) 

^S'(($~^)i)q;($~^)2/35'(($~^)3) = 1 corresponding to diagram 9(b). 
We will be interested in two supplementary conditions on $, 

(11) $321$ ^ I 

(12) $32^ = 

where the superscript S indicates applying the antipode to all three tensor compo- 
nents. 

Condition (11) is a particular case (for 7?. = 1) of the equation 

(13) 7^2^(A®^c^)7^ = $32^[7^23(^c^® A)7^]$ 

which appears in the definition of what Drinfeld calls a coboundary structure. 
Condition (12) is equivalent to the compatibility of the associativity constraint 
with the rigid structure as expressed by the commutativity of the diagram 



(14) 



{P* (g) N*) (g) M* ''^*'^*) P* (g) (iV* g) M*) 



where = are compositions of the natural equivalence (M (g) A?")* — > N* (g) M*. We 
shall return to the interpretation of equations (11) and (13) after discussing the 
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Let (C, ®, (p) and (C, (g), 0) be two monoidal categories, then a monoidal func- 
tor from C to C is given by a pair (x, rj) where x : C ^ C is a functor and 
r] : x{M A?") — > x(-^)®x(-^) is a functorial isomorphism such that the diagram 

(15) x(0) ^ 
X{M®{N®P)) x{M)®x{N®P) x{M)®{x{N)®x{P)) 

is commutative and x(lc) — Ic- 

For a functor between rigid monoidal categories we will require the additional 

conditions, x(-^*) — x{^Y and x(*^) =*x(^): as well as commutativity of the 
diagram 

X{{M®NY) {x{M®N)Y (x(M)®x(A^))* 

(16) ^ ^ 

x(iV*®M*) '^^*-^*) x(iV*)^x(M*) x{Ny(^x{M)* 

and of a similar diagram for the left dual. 

Given a quasi-Hopf algebra (A, m. A, S', $), let F be an element of and 
define a transformation of the comutiplication on A by 

(17) A = FAF-^. 

Relative to this new comultiplication there is a new tensor product structure on 
Modyi defined by 

(18) Pm^n = Pm,n o Pm^n o Fm,n^ where Fm,n = {pm O Pn){F). 

Then diagram (15) defines the associativity constraint, 0, for (8). It is given by 
representing the element 
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In other words, x = zrf and 

(20) r]M,N = Fm,n : M iV — > M^N, 

define an equivalence of monoidal categories (Mod a, (8), 4>) and (Mod a, ^■,<j))- If in 
addition 

(21) {F^YF = 1 

diagram (16) and its left dual counterpart are commutative and we have an equiv- 
alence of rigid monoidal categories. 

In terms of quasi-Hopf algebras, transforming A by (17), $ by (19), leaving 
the antipode unchanged, and transforming the elements a and /3, respectively, to 

(22) a = J2S{Fu')aF^\ and p = J2 FiiPS{F2i) 

defines a transformation twisting, which, in turn, determines an equivalence rela- 
tion. If two quasi-Hopf algebras, A and A', are equivalent under twisting then the 
rigid monoidal categories Mod^ and Mod^' are equivalent. 

Consider A = U{Q), the universal enveloping algebra of a Lie algebra Q, and 
Modf/(g)j, the category of finite dimensional representations. We define a defor- 
mation of the monoidal category Modu(g)j by first extending the coefficients from 
the field K to the formal power series algebra i^[[/t]]. For any finite dimensional 
module M we define the free K[[h]] module of finite rank, M[[h]] = M ®k K[[h]]. 
Let Modt/(g)[[h]]./ be the category consisting of t^(^)[[/i]] modules which are free 

modules of finite rank. Define comultiplication on C/(^)[[/i]] as the 
linear extension of comultiplication on U{Q). Together with the tensor product of 
modules this defines a monoidal structure on Modt/(g)[[/i]] j with associativity 
constraint given by the identity. Relative to this monoidal structure the imbedding 
defined above defines an imbedding of monoidal categories. 

Drinfeld's quasi-Hopf deformation is related to a nontrivial monoidal structure 
on Mod[/(g)[[/j]] J. The tensor product of modules is the standard one given by (7) 
with the usual comultiplication but the associativity operator will be nonstandard: 



10 

where is & Q invariant element in satisfying the pentagon identity 

(2). 

Let = (Modu{g)[[h]],f,®,(f)h) and (C,®,^/^) = (Modu(g)[[h]],f,^,(f)h) 

where M^N = Ni^iM and the associativity constraint is the natural one, (f)M,N,p,h = 
TV M h- Then equation (11) for $/i is equivalent to the commutative diagram (15) 
where the natural transformation 77 is given by transposition. Equation (13) is a 
generalization of equation (11) in which the functor x is the identity and the nat- 
ural transformation between M ® N and M®N = N ® M is given by composing 
transposition with the 7?.-matrix. 

Using the standard antipode we can also define a rigid monoidal structure. In 
this case, the elements a and (3 will be chosen to be invariant, allowing us to reorder 
the product, and will satisfy 

(24) a/?=(^$i5($2)*3)"', 

for example a = 1, = (E $i-S($2)$3)"^. 

For any Lie algebra Q defined over a field of characteristic zero, the existence 
of such a $/i satisfying (11) has been proven in [Drl,Dr2]. In the next section we 
outline the proof and show that essentially the same arguments prove that can 
be chosen so that it satisfies (12) as well. (In the case when Q is simple the is 
unique up to change of parameter and "twisting" as defined in (20) and (22) below. 
[SS]) 

The invariance condition on guarantees that (j)^ defines a natural transfor- 
mation in Mod[/(g)[[^]] J. The pentagon equation (2) for $^ guarantees the com- 
mutativity of (5). The triple (Mod(7(g)[[/j]] j, 0, 0/^) defines one type of deformation 
of the monoidal category iM.odu{g)ji ®iid). This is not yet the deformation which 
gives the quantum group since the tensor product has not been deformed. However 
the required deformation is given by an equivalent rigid monoidal category. 

As an aside, not required in any of the subsequent proofs, but useful in under- 
standing the situation, we relate the deformation of the category to deformation 
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Pm as M runs over the objects of Modc/(g).j-. The multiphcation on 0{G) has a 
simple relation to the tensor product of modules. For any pair of elements m & M 
and A e M* define 

{ujm,x) = {pwi{u)rn, A). 

Then the fact that multiplication in 0{G) is dual to comultiplication 'm.U{Q) implies 
immediately that 

{u, fm,\fn,ix) = {^{u),fm,\®fn,ix) = ^{u{i-), fm,\) {u(2)Jn,,x) 

= ^{PM{u(i))m, A)(pjv(w(2))n, //) = {{pm 8) pjv)(A(u))(m n), A (g) p,) 

(25) = {pM®N{u){m ®n),X®p) = {u, fm<»n,X<»i^)- 

One approach to understanding the quantized function algebra is in terms of a 
deformation of the tensor product on the monoidal category Mod(7(g;) j . Since any 
module in Modu(^g^[[h]]j has the form M ®k K[[h]], the space of matrix coef- 
ficients in Mod[/(g)[[/j]] J can be identified with = 0{G) ® K^h]] and a 
tensor product on Mod[/(g)[[/j]] j which reduces modulo h to the standard tensor 
product on Mod[/(g;) j defines a formal deformation of 0{G). We return to this 
topic briefly at the end of §3. 

In §3 we describe a purely cohomological proof of the existence of an element 
F which transforms $/i to 1 and conjugates the comultiplication as in (17). We 
prove that, under some very natural assumptions on the algebra there exists an 
Fh e U{g)®'^[[h]] satisfying (21) and 

(26) (1 ® Fu){{id®/^)Fh)^h{{^ id)F^^){F^^ ® 1) = 1. 

This F/j will define an equivalent rigid monoidal category to (Mod[/(5)[[/j]] j, (8), 0/i) 
with associativity constraint equal to the identity. At the level of quasi-Hopf alge- 
bras, we have $ = 1 so a(3 = 1. Substituting S defined by 

(27) S{a) = ~pS{a)a 

in equations (10a) and (10b) we see that S is an antipode satisfying the usual 
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§2 Construction of a nontrivial associativity constraint. 

In this section we prove a modified version of Drinfeld's theorem, [Drl] , on the 
existence of a nontrivial associativity constraint compatible with the undeformed 
tensor product. The modification involves the inclusion of additional symmetries. 

Theorem 2.1. Let Q be a Lie algebra over a field K of characteristic zero, U{Q) 

its universal enveloping algebra, K[[h\\ be the algebra of formal power series with 
coefficients in K, and U{Q)[[h]\ the Hopf algebra over K[[h]] given by expending 
all operations K[[h]] linearly. Let (p e A^^ be Q invariant. Then there exists a Q 
invariant formal power series $ = $;j G solving the pentagon identity 

(2) and satisfying the following conditions: 
(a)^ = l + h(fi mod h^. 

(h) $321$ ^ 1_ 

(c) Let 9 be any automorphism of Q leaving invariant. If we extend 9 in 
the natural way to U{Q)®^\^fi\\, then $ can be chosen satisfying, in addition to the 

conditions above, 

(c) $^ = $ 

(d) If we extend the antipode S to U{Q)®^[[h]] in the natural way, then $ can 
be chosen satisfying, in addition to (a),(b), and (c), 

(d) = 1 

Given a commuting set of 9, we can find $ invariant under the entire set. 

Proof. Rewrite the pentagon identity in the form 

(28) 

Pent($) := {m^)-{id®^®id){^)-{^®l)-[{^®id®'^){^)]-^ ■[{id®'^®^){^)]-^ = 1. 

As usual in the theory of formal deformations we try to solve (28) recursively in 
powers of h. Assuming we have defined $("'~^), an {n — 1)^^ order polynomial 

;„ u — i-:„c..: , /'oo^ ] — un 1 — 1. c — — j- ^ ^r/'r'^(X)3 .i^ 



13 

$(«■) = -)- ip^h'^ solves (28) to order The "obstruction" to such an 

extension is a cocycle in the coalgebra cohomology U{Q), whose definition we shaU 
review quickly. 

The complex has degree n component = and the coboundary is 

induced by imbedding in the Hochschild n cochains on 0{G) with values in K 
via the pairing of U{Q) and 0{G). 

(29) {Ul <S) ■ ■ ■ <S) Un, fl <S) ■ ■ ■ <S) fn) = {Ul, fl) ■■ ■ {Un, fn)- 

The puUback of the Hochschild coboundary to is 
(30) 

S{ui<S)- ■ -^ttn) = l<8)(ttl<8)- • ■<S)Un)-A{ui)<S>- ■ •<S)Un-\ l-(-l)'^"'"^ (ttl®- • ■<S)Un)<^l, 

This coboundary operator, first introduced by Cartier [Ca], defines a cohomology 
controlling deformations of a coassociative coalgebra in just the same way that 
Hochschild cohomology controls the deformations of associative algebras. We are 
interested in the complex of Q invariants, which we denote by C. The cohomology 
is well known, see [Drl] or [SS]: 

H{C) = AQ and H{C) = (AGf. 

The obstructions to extending $("~^) are in H^{C) = (A^^)^. Since the relevant 
cohomology group is in general non-zero, the obstruction cocycle for extending a 
truncated solution of (28) to one higher order may not cobound. Following Drinfeld, 
we show that condition (b) involves restricting our attention to a subcomplex with 
zero cohomology in dimension 4. Define an involution, r, of C commuting with 6 

by 

n(n+l) 

(31) t{ui ^■■■®Un) = {-l)^~{Un ® • • • Mi). 



Let Cr,± be the subcomplex consisting of the ±1 eigenspaces r. The complex splits 
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cohomology of each subcomplex is the corresponding eigenspace of the restriction 
of T to f\Q. Since the action of r on A"^^ is multiplication by (—1)"', 

H''(Cr,+) = for n odd, and H''{Cr-) = for n even. 

This carries over to the subcomplex of Q invariants as well. 

Suppose that we have satisfied condition (b) up to order /i", write 

(32) ($(^-l))321$(n-l) = ($(n-l))T^(n-l) ^ ;L^^^^n ^n+l_ 

Assuming that $(^"'~^) was Q invariant, r]n is also. The commutativity of $("'~^) 
and ($('^~^))'^ implies that 77^ = r/^, so if we define 

(33) = + l?7^/i", 

then $("'~^)' satisfies (b) to order and is Q invariant. 
Substituting in the pentagon identity we have 

(34) Pent($(^-^)') = 1 + 

for ^„ G C^. The fact that is a cocycle is a rather tedious calculation given in 
detail in [Drl]. Apply r to both sides and use the fact that (b) holds to order /t"'+^, 
we find that 

= (Pent($("-^)'))^ = (Pent*($(^-^)y) = Pent*($("-^)') = (Pent($^"-^)')) 

where 

Pent*($) := [(zd®^ ® A)($)]-^ • [(A«)zd®^)($)]-^ • ($® 1) • {id® I^®id){^) ■ (1®$). 

Thus is a cocycle in _ but H'^{Cr,-) = 0. Therefore cobounds an invariant 
cochain (fn G Define 

^(n) ^ ^(n-1)' ^ ^^^n_ 

Since (p^^ = —(pn we have not disturbed (b) mod h'^'^^ and we have solved the 
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Next we note that given 9 as described in (c) there is an obvious extension, also 
denoted 9, to the complex C which commutes with 5 and r. Since 9 is an involution, 
when we consider the restriction to Ct,- we have a decomposition into the direct 
sum of two subcomplexes, the +1 eigenspace and the —1 eigenspace and, as before, 
the cohomology also splits as a direct sum. By assumption if is 9 invariant, so we 
can consider solving our deformation problem in the subcomplex given by the — 1 
eigenspace of r and the +1 eigenspace of 9. If we assume that the defined 
above was 9 invariant, then since 9 is an algebra automorphism, the element r}n 
and the obstruction cocycle, are easily seen to be 9 invariant and the extension 
to order h^'^^ can be chosen to be 9 invariant together with the other required 
conditions. 

Finding an extension satisfying condition (d) involves a second preliminary 
correction. Assume that $("'~^)' has been defined as in (33) so that condition (b) is 
satisfied to order k^^^ and that condition (d) has been satisfied to order . Define 
Xn by 

(35) ($(^-i)')^$("-i)' = l + Xn/i"" mod 

Then 

1 + xf^h"^ = ($('^-l)'321)S^(n-l)'321 

= (($("-l)')-l)5($("-l)')-l 

= l-Xn/i" mod 

Thus (Xn)^^"*" = — Xn and, as before, Xn = Xn- Therefore if we set = 
$(«■-!)' _)_ ^Xnh^ we satisfy do not disturb condition (b) and satisfy condition (d) 
to one higher order. Thus the preliminary corrections for conditions (b) and (d) 
can be done simultaneously. If both (b) and (d) are true to order /i""*"^, then 



1 I /i^ui I <^ \un /I I <^ un\ui/-i i <^ un\ t) — j.* //Rfn— D'cj t) — j-Z/Rfn— i ™„j un+1 
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where uj is either S or r. Therefore the obstruction cocycle is in the subcomplex 
given by the intersection of the —1 eigenspaces of r and S. As before cobounds 
a cochain (pn of the same type. The element ^"^"^ = $("'~^)' + (fnh'^ satisfies all the 
required conditions to order □ 

Note that if we have a commuting set of automorphisms, 9i, then all the 
decompositions into eigenspaces of r, $i and S are compatible and we can solve in 
the subcomplex consisting of —1 eigenvectors of r, +1 eigenvectors of 9i and +1 
eigenvectors of S. 

In particular, for Q a simple Lie algebra we can let $ be the Cartan involution 
corresponding to a choice of Cartan subalgebra and system of positive roots and, 
this proves the existence of a ^ invariant $ satisfying (11) and (12). 

Several remarks are in order before closing this section. First of all, in the next 
section we want to consider another $ which is given by replacing the deformation 
parameter h with h^. will be necessary in order to construct the equivalence F. 
Henceforth, when referring to $ we intend this form. Second, we note that the 
invariance of $ implies the invariance of 7 = ^$i5'($2)$3 ^ ^(^)[[^]]- If we 
chose a and P invariant and aP = 7"^ and let S be the linear extension 

of the standard antipode for U{G), then equations (lOa-d) are satisfied, making 
[/(^)[[/i]] a quasi- Hopf algebra. For example, we can chose a — 1 and P — 

Finally, the construction given above does not involve the braiding. Drinfeld 
[Dr2] has given a cohomological proof of the existence of a pair {TZ, $) satisfying (3), 
(4ab) and (11) thus defining a quasitriangular quasi-Hopf structure on C^(^)[[/i]]. 
This proof, which is much more delicate, is sketched in the appendix where we also 
discuss the modifications necessary to deal with additional symmetries. 

§3 Construction of a quantized universal enveloping algebra. 

In this section we study sufficient conditions for the existence of a solution 
to equation (26). These conditions are satisfied, in particular, in the case of the 
Drinfeld-Jimbo infinitesimal for Q a simple Lie algebra. Twisting the con- 

„i- .J- — ] „i u,. ui EH ^ ^r^'/?^(X)2 m,ll ] j- c — ™; , j-; ]„ 5 
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given by (27), defines a quantized universal enveloping algebra. Note that this 
presentation is not the standard one since the multiplication is undeformed. 

Our proof uses a combination of coalgebra cohomology and Chevalley-Eilenberg 
cohomology for the Lie algebra structure on Q* associated to the leading noncon- 
stant term of F. Recall that we are assuming that $ has the form 

(36a) $ = l + ^/i2+^ V'2m/i'"', with ^e{A^gf and ^2m & {U {g)'^^f , 

m>l 

and we set 

(36b) F=l + fh+J2fnh'', with fJn&U{g)®\ 

n>l 

The element / will be called the infinitesimal of F. 

It will be convenient to reformulate equation (26) in the form 

(37) B{Fh, $h) = (1 ® Fh){{id ® A)Fh)^h - [Fh ® 1)(A ® id)Fh = 0. 
Consider the h and /i^ terms in (37): 

(38) 

B{l+fh+hh', l+<ph^) = (5f)h+{f'{f'+f')-f\f'+f')+5h+<p)h' mod 

where 5 is the Cartier coboundary, (30). 
Two remarks: 

(1) The vanishing of the first term implies that / must be a 5 cocycle. 

(2) If $ were expanded in powers of instead of powers of h^, and (p was the 
coefficient of h then (37) would require Sf + (p = which implies (p = 
since is transversal to the subspace of coboundaries. 

If the multiplicative group, 1 + hU{g)[[h]] acts on the left on U{g)'^'^[[h]] by 
(39) u» F ^ {u^u)FA{u~^), 

then 
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Therefore this action carries solutions of (37) into solutions and we call two solutions 
equivalent if they are in the same orbit. If F' — u • F for u — 1 -\- uih mod 
h?, ui e U{Q), then the infinitesimals are related by /' = / + 5ui. Since the 5 
cohomology in dimension 2 is A^Q, in any equivalence class there is a representative 
with infinitesimal 

(41) / e A^g, 

so making this assumption in (36b) involves no loss of generality. 
Now consider the requirement on the pair /, /2 implied by (38). 

(42) f'if'+n-f'if'+n 

must belong to the cohomology class of —(p. The fact that (42) is a cocycle follows 
from the following lemma. 

Lemma 3.1. Let F^'^~^^ he an (n — 1)^* order polynomial in h of the form (36b) 
with infinitesimal (41) and suppose that F^""-^^ satisfies (37) to order h"". Define 
the obstruction cochain, by 

(43) 5(f("-i),$) =^^/i" mod 

(1) The cochain cocycle. 

(2) IfSfn = then F^") = F^*^"-^^ + fnh'^ defines an extension satisfying (37) 
to order k^'^^. 

Proof. Multiplying (43) on the right by [A®zcZ(F('^-i))(F('^-i)(8)1)]-i and recalling 
the form of B given in (37), 

$ = (1 ® F("-i))((id A)F("-i))$((A id)(F('^-^))-^)((F(^-i))-i ® 1) 
= l + en/i" mod h^'+K 



A straightforward calculation shows that if $ satisfies the pentagon identity relative 
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The congruence A = A mod implies that the operator, 5, defined by (30) with 
A replacing A is congruent mod h to 6, therefore 

1 = P^(l + ^nh"")) = 1 + kuh"" = 1 + S^nh"" mod 

so is a 5 CO cycle. 

The second statement follows from the equation 

+ f^h"", $) = $) + {Sfn)h'' mod h^'+K □ 

Since H^{C) — f\^Q^ every n-cocycle is cohomologous to an element of /\^Q 
which we take as the canonical representative of its cohomology class. Further- 
more antisymmetrization annihilates coboundaries and projects a cocycle onto the 
canonical representative. Antisymmetrizing (42) gives — | times the Yang-Baxter 
expression YB{f), 

(44) YB{f) := [/^^ + n + n = -if^ + n + [/^^ n- 

Lemma 3.2. The necessary and sufficient condition for the existence of a solution 
of (37) up to order h^, is that the infinitesimal f satisfy 

(45) YBif) = 

Proof. Assuming that / satisfies (45), the antisymmetrization of (42) is —(p as 
required for the obstruction to be a coboundary. Thus there exists an /2 such that 

^i + fh + /2/i2 satisfies (37) to order h^. □ 

In order to continue the process we need to consider conditions on F which 
guarantee that the higher obstructions cocycles cobound. The strategy suggested 
by Drinfeld's proof of the existence of $ is to impose conditions on F that force 
the obstructions to lie in a subcomplex with trivial 3-cohomology. 

In the case of a general Lie algebra, there are two obvious symmetries that 
we can impose on F. The first one, relating to the antipode, was introduced in 
equation (21). The second condition on F is 

rAc\ i7'21 _ T7I ■ j.„ j-21 _ / T\nf 
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This can be interpreted in terms of the *h product on the function algebra as saying 
that the commutator and anticommutator are, respectively, expansions in odd and 
even powers of h. 

The following lemma shows that in solving equation (37) recursively using 
obstruction theory we can reduce to a subcomplex of invariants with respective the 
symmetries (6', S) of 

Lemma 3.3. Let $ = 6e a solution to the pentagon identity satisfying (11), ( 12) 
and = Let 

n-l 

fc=i 

he a solution of (37) satisfying (46) and (21), all this modulo /i", forn > 3. 

(a) Define rj, F and ^ by 

l + ry/i'^ mod h''+^ 
F' + \r^h^ 
^h"" mod 

Then F satisfies (21) and (46) mod and ^'^ — — (— 1)"'''"^^; where r is 

defined by (31). For n odd the obstruction cocycle cobounds and we can extend 
to a solution to (37) to order h'^'^^ which still satisfies (21) and (46) to the 
same order. 

(b) Let $ be an involutive automorphism ofQ and use the same symbol to denote 

its extension to the complex C. Assume that a solution, $, to the pentagon equation 
has been constructed such that $^ = ^. If F^ = F then = ^. If F^ = F_h then 



F = 
B(F,^)^ 
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with the identities ^ = $$32i _ $ = 1 mod we get, modulo 
= F^2(A id)F^^^^ - F^^{id ® A)(F) 

This shows that the obstruction cocycle at odd order hes in the acychc subcomplex 
Ct-,+ and so it is a coboundary. To prove the second identity on ^ in part (a) we 
use the additional facts that F = 1 mod h, (21) has been solved modulo h'^'^^ and 
($32i^s _ ^ Again, computing modulo 

(^32 ^ (5(i7^^$)321)5 ^ ($321) ^ -^^ ^^21) S(^21) S _ ^ ^) ^^21) S ^^32) S 

= $(A(8)zd)(F-^)(Fi2)-i _ (i(i<g, A)(F-^)(F23)-i 

= ® A)(F-1)(F23)-1s(F, $)(A ® irf)(F-i)(Fi2)-^ 

= (zd® A)(F-i)(F23)-i(^„/,")(A®zd)(F-i)(Fi2)-i ^^^^n_ 

Condition (b) follows from 

C^/i^ = B{F, = B{F^, = B{F, = C/i" mod 
The second part is proved in the same way 

= = = mod 

□ 

Remark 3.1 We shall use the concept of a bialgebra action to consider invariance 
with respect to the Cartan subalgebra, H, of Q. If (W, A) and {V, A) are two 
bialgebras, then a bialgebra action of P on is a T-* module structure on U satisfying 
the two conditions 
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In item (b) of Lemma 3.1 we have extended the action to = ZY®" by 

where X^P(i) <8) • • • ^P{n) represents the n*^ iteration of A. We say that an element 
of e C is invariant under V if p • = e{p)'^ for all p e V. The first of the 
two properties implies that the product of invariants is an invariant, thus if $ and 
F are V invariant then so is ^. The second property implies that the coboundary 
commutes with the action so the invariants form a subcomplex. If $ is the Cartan 
involution, the actions of V,9, S are all compatible and we can add the condition 
of V invar iance in Lemma 3.3: 

For the Drinfeld- Jimbo infinitesimal, the relevant bialgebra is V = U (H) and 
the relevant involution is the Cartan involution. The subcomplex of invariants is a 
direct summand of the total complex. The even obstructions are invariant under 9 
and H. Unfortunately, this still does not make the obstructions cohomology classes 
zero. 

The next idea is to cancel the nonvanishing obstruction cohomology class using 
the Chevalley-Eilenberg cohomology of the Lie algebra structure on defined by 
the infinitesimal /. The fundamental proposition is once again due to Drinfeld. 

Proposition 3.1 (Drinfeld [Dr 3]). For f e h?Q the Q invariance ofYB{f) is 
equivalent to the Jacobi identity for the bracket [A, /x] on Q* defined by 

([X®1 + 1®X,/],AA//) = (X, [A,//]). 

Now suppose that we are given F defined to order h'^'^~^ with obstruction 
cocycle ^. If we change F by adding x £ 

F' = F + x/i^"'~\ 

the new obstruction cocycle is 
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where 

Kf, x) = fix'' + x'') + x'Hf' + n - f'Hx'' + x'') - x'v + n- 

Projecting onto cohomology by antisymmetrization, we get 

(47) Alt(e + x)) = Alt(0 - \yBU, x) 
where YB is the polarization of (42): 

(48) [/^^ + x'^] + [/^^ x''] + [x^^ + n + [x^^ n- 

Thus we need to choose x so that (47) is zero. Formula (48) is a particular example 
of the Schouten bracket 

(49) 

[[XiA---AXk,YiA---AYi]]=J2i-'^y^'[Xi,Yj]AX^A---Xi---Yj---AYi. 
Thus (47) is zero if and only if 

(50) ^Alte = [[/,x]]. 

We remind the reader of the well known fact. 

Proposition 3.2. If we identify A^Q with a skew symmetric multilinear maps on 
Q* , then the Chev alley- Eilenherg cohoundary dcE for the cohomology of the Lie 

algebra Qj- with coefficients in the ground field is given up to a normalizing factor 
by the Schouten bracket, dcE = [[f, •]• 

Proof. For X E Q and A, /x e Q*, by definition of the bracket on ^* we have 

([[X, /]], A A Ai) = ([X ® 1 + 1 X, /], A A //) = (X, [A, ii]) = {dcEX, XAfi) 

Since both [[•,/]] and dcE are derivations of the exterior algebra, AG, and they 
agree on the generators, they are equal. □ 

If Alt^ is a coboundary in the Chevalley-Eilenberg cohomology then we can 
adjust the extension at order h^'^~^ by adding xh^^~^ and cancel the obstruction 
in 5 cohomology at order h'^'^ . Thus we have a kind of secondary obstruction 
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Lemma 3.4. Let ^ be the obstruction cocycle for F^'^~^^ as defined in (43), then 
dcE Alt(^) = 0. IfdcE X = i Alt(^) then the obstruction cocycle for F' = F+x/i"~^ 
is a 5 coboundary. 

Proof. As in the proof of Lemma 3.1 we use the fact that 1 + ^h^ satisfies the A 
pentagon identity. Let 5 be given by formula (30) with A replacing A and 77 = Alt ^. 
Then 

K{u) = A{u) + Ai{u)h = A{u) + [/, A{u)]h, mod /t^ 
Since 1 = P^(l + e/i") = 1 + kh"" mod 
we have = Alt 6^ = Alt(l O ^ - (A (g) 1 1)^ + (1 (g) A O 1)^ - (1 O 1 O A)^ + 
= (-(Ai (g) 1 ® 1)?7 + (1 (g) Ai (g) 1)?7 - (1 (g) 1 (g) Ai)r])h 
= A ® 1 ® 1(?7)] + 1 ® A ® 1(77)] - 1 ® 1 ® A{r])])h 

= -[[f,v]]h = -dcE{r])h mod h'^. 

The second part of the lemma follows immediately from (50). In [Dr3], Drinfeld 
pointed out the relevance of the Chevalley-Eilenberg cohomology of Qf to the study 
of bialgebra deformations. This was developed further by LeComte and Roger 
[LR]. Our approach is slightly different since we use both the Chevalley-Eilenberg 
cohomology and the Cartier cohomology. 

Theorem 3.1. Given Q be a Lie algebra over a field of characteristic zero and 
an f & t^Q such that [[/, /]] is Q invariant. Let Qf be the Lie algebra structure 
induced by f on Q* . Suppose we are in the situation of Remark 8.1 and a bial- 
gebra V acts on U{Q) and that it preserves Q. Then both V and 9 act on the 
Chevalley-Eilenberg cohomology of Q^. Assume that f is V and 9 invariant. If, in 
HcEi^f)} subspace, HcEi^fY of invariants of both actions is zero, then there 
exists a quantized universal enveloping algebra having undeformed multiplication 
and deformed comultiplication with infinitesimal induced by the commutator [/, A] . 

Proof. Define (p = |[[/, /]]. Then applying Theorem 2.1 we construct $ satisfying 
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FhAFf^^. Lemma 3.2 says that we can find such a solution modulo h^. As noted 
earlier, Lemma 3.3 implies that the only obstructions lie in the subcomplex of 9 
and V invariants and Lemma 3.4 shows that it is enough to consider the invariants 
in the Chevalley-Eilenberg cohomology. If this space of invariants is zero, there are 
no obstructions to the recursive solution of (26). □ 

Associated to any deformation of comultiplication in U{G) there is a dual 
deformation of the multiplication in which is expressed by 

(51) /m,A *h fn,t^ = fm,X ® /n,M ° Fh^F~^ . 

We shall check the compatibility with the formula 

(52) fm,\ *h fn,n = fm®n,iJt®\- 

By the form of the equivalence, equation (20), m®n — {F~^)(^i){m) ® {F~^){2){n) 
and = (F-i)(i)(//) (F-i)(2)(A) = o <S((F-i)(i)) ® A o <5((F-i))(2) = 

/ioF(2) ® AoF(i), where the last equation follows from (21). These identities, when 
substituted in the right side of (51) give (52). The Hopf algebra 0(G)[[/i]] with this 
product *hj undeformed comultiplication, and dual antipode, S', is the function 
algebra of a quantum group in a nonstandard presentation. 

§4 Drinfeld-Jimbo quantization of U{Q). 

To construct the Drinfeld-Jimbo QUE algebra for a semisimple Lie algebra 
choose a Cartan subalgebra and a system of positive roots, H. Let 

(51) /=5^X«AX_« 

be the Drinfeld-Jimbo classical i?-matrix. It is H invariant and skew invariant under 
the Cartan involution. We shall apply Theorem 3.1 to the case when V = U{H) 
and 9 is the Cartan involution. 

If we use the Killing form on Q to define an isomorphism between ^ to ^* 
then the Lie algebra structure ^5 can be transferred to a new Lie algebra structure. 
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Lemma 4.1. The space of invariants under Ti. and 9, HQ^[Qf)' , is trivial. 

Proof. The Lie algebra, Qf, can be described quite simply in two steps. Let A/± 
be the two subalgebras of Q consisting of the sum of the positive root spaces and 
the sum of the negative root spaces, respectively. First form the Lie algebra sum 
jV-f © jV_ then take the semidirect product with H where H acts on A/"+ by the 
standard bracket and on M- by the negative of the standard bracket. 

In general, given an abelian subalgebra acting semisimply under the adjoint 
representation, the non-trivial cohomology lies entirely in the subcomplex of zero 
weight. For the Lie algebra Qf the relevant subcomplex of /\Q is just A7i. Since 
f is H invariant the Schouten bracket [[/, •]] restricts to the zero operator on the 
subcomplex and therefore the cohomology is Hq^{QJ) ~ A^H. The Cartan involu- 
tion restricted to ?i is —1 so the subspace of invariants in any odd exterior power 
is zero. □ 

We can now state our main result which follows immediately from Theorem 

3.L 

Theorem 4.1. Let Q be a semisimple Lie algebra over a field of characteristic zero 
and f the Drinfeld-Jimbo classical R-matrix as defined in (51). Then there exists 

anF^Fhe U{g)®^[[h]] such that 

(1) F transforms the associativity constraint to the identity (equation (26)). 

(2) F is invariant under Ti. and any automorphism group of Q under which f 
is invariant. 

(3) = F^^ = F-h, where 6 is the Cartan involution. 

(4) F^F^'^ = 1, where S is the antipode. 

Corollary 4.1. Let Q and F be as in Theorem 4..!. Define a quasi-bialgebra de- 
formation ofU{Q) by leaving the multiplication undeformed and deforming the co- 
multiplication by twisting by F^ 
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The resulting deformation has the following properties: 

(1) The deformed comultiplication is coassociative. 

(2) The restriction of Ah to U (Ti.) is the standard, undeformed, so U (Ti.) is 
undeformed. comultiplication. 

(3) 9 is a coalgebra antiautomorphism relative to A/j. 

(4) The undeformed antipode S is a coalgebra antiautomorphism relative to A^. 

(5) LetF^Y. Fii ® F2i andw^Y. F2iS{Fu). Then 

S{u) — w~^S{u)w 
defines an antipode relative to which the deformation is a Hopf algebra. 

Proof. Each item, except the last, follows from the corresponding item in Theorem 
4.1. The last statement follows from the explanation of the twisting transformation 
and equation (27) with a = 1. □ 

Regarding the uniqueness of the solution, F, with a given infinitesimal, /, we 
have the following proposition. 

Proposition 4.1. Let Q be a Lie algebra of a field of characterisitic zero, and 
$ e ^(^)'^^[[^]] solution to the pentagon identity. Given two solutions, F^ and 
F'f^, to equations (21) and (26) both with initial term 1(8)1 and the same infinitesimal 
f e /\^Q, then there exists a & U{Q)[[h]] such that 

Fh = {uh®Uh)Fl^A{ul^), and UhS{uh) = 1. 

Proof. We shall prove, as usual, that if F and F' agree to order then there exists 
a It = such that mod h^^^ F equals the transform of F' , {u®u)F' A{u~^) = 

F'+5{un)h'^. The facts that F and F' both satisfy (26) and that they agree to order 
h'^ imply that the difference of the coefficients of h"^ is a 5 cocycle, 6{fn — f'^) = 0. 
Therefore, there exists a v such that fn — f'n = 5f +w, where w e f\^Q. However (21) 
implies that /„ + /;f = + [f'^f. Thus (/„ - /;) = -(/„ - f'^f. Now w = S{w) 
and {5vf = d{S{v)), so we have = \{{fn-f'n)-Un-f'nf) = SiHv-Siv)). 
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For an arbitrary pair, and F^, the h expansion of is given by an infinite 
product 

Limn->oo{^ + Unh'^) •••(! + U2h^). Next consider the condition S{uh)uh = 1- Sup- 
pose that we have defined u' which is the product of the first n terms, so that, 
modulo /t"+^, F and F' agree and that S{u')u' = 1 + ^n^"- The fact that both 
F ={u' ® u')F'{A{u')-^) and F' satisfy (21) modulo implies that ( modulo 
) 

A{S{u')-^){F'f{S{u') (g) S{u')){u' (g) u')F'{A{u')-^) = 1. 

Substituting in (1 + ^„/i")tt'~^ for S{u') and expanding the product, using (21) 
and F = F' = 1 modulo h, we see that £ U{G) is a 5 cocycle, i.e., primitive 
relative to A, so it is an element of Q. From the definition it also follows that ^ is 
S invariant, so, in fact, it is zero and no correction is necessary. □ 

In Theorem 4.1 we allow / to be any linear combination of the Drinfeld-Jimbo 
infinitesimals for the simple factors. This possibility is important for applications 
to homogeneous spaces, in particular the symmetric space {G x G)/G. When Q is 
simple, the deformation described in Theorem 4.1 is unique up to inner automor- 
phism and change of parameter, as was noted in [Dr3]. For a complete proof see 
[SS]. 

In this way it is possible to quantize some of the classical i?-matrices classified 
by Belavin Drinfeld. These examples will be discussed in a future paper. 

Another interesting application of Theorem 3.1 is the quantization of an arbi- 
trary infinitesimal / with invariant Schouten bracket [[/, /]] for any three dimen- 
sional Lie algebra. In this case A^^ is one dimensional, if [[/, x]] 7^ for some 
X e f\^Q then H^^{Qf) = 0. On the other hand, suppose [[/,x]] = for all x- We 
can choose a basis {X, Y, Z} such that / = XAY. The condition that [[/, /]] = im- 
plies that [X, Y] e span{X, Y}. The conditions [[/, F AZ]] = and [[f,XAZ]] = 
imply that [X, Y] e span {Y, Z} and [X, Y] e span {X, Z} respectively. All the 
conditions together imply [X, Y] = 0. In this case F = e^^ satisfies (26) with $ = 1 
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§Appendix. Auxiliary conditions on the i?-matrix. 

In this appendix we return to the braiding and consider the problem of proving 
the existence of a quasi-triangular quasi-Hopf deformation {U (Q) [[h]], TZ^,, ^h) which 
includes auxiliary conditions on TZ corresponding to the conditions on $ appearing 
in Theorem 2.1. The correspondence is shown in the table given in the following 
proposition, where S is the antipode, {iZ)h = TZ-h and similarly for 

Proposition. For any Q invariant symmetric invariant element t ^ Q ® Q and 
automorphism 9 preserving t there exists a pair of Q invariant elements $ e 

U{QY^^[[h]\ and TZ G U{gy-^%h]], where TZ = 1 + ht mod h^, which satisfy the 
pentagon and hexagon identities and have the following symmetries. 



(A.l) $321^ ^-^ TZ^^ = TZ, 

(A.2) = $ = 7^, 

(A.3) = 1 = 7^, 

(A.4) $ - $ 7^7^ = 1. 



Proof In [Dr2] Drinfeld proved the existence of a pair ($, TZ) satisfying the pentagon 
and hexagon identities using standard Cartier coalgebra coboundary, S, to study 
the pentagon equation and a modified Cartier coboundary, S', in which the last 
factor is "frozen" to study the hexagon identities. In the proof he imposes the 
condition (A.l). In fact, the remaining conditions can be included in his proof. We 
shall prove this by showing that the crucial obstruction equations can be solved in 
the appropriate subcomplex. 

As usual, suppose that we have a pair TZ) giving a truncated deformation 
defined to order h'^ and we want to extend it to order h'^'^^. (All further equations 
which contain h"' will be understood to be modulo h^~^^.) Define the obstruction 
pair (^, ip) by 

(A.5) Pent($) = 1 + ,^^" mod 

/ \ £:\ /A ^ „•J^'T-) /f,312't-)13/'/r132\— l'T-)23/F, i „/.Ln un+1 
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Assuming TZ symmetric and = 1 mod h'^'^^, transposing tensor factors 1 

and 3, (A. 6) gives the other hexagon identity with error term (obstruction cochain) 

By the discussion in §2 we know that there is an extension 

$' = $ + </,/i^, 

such that the pentagon identity together with all the identities (A. 1-3) are satisfied 
to order /t'^+^. The element (f) can be modified by a 5 cocycle with the appropriate 
symmetries. The condition (A. 4), which did not appear in §2, is trivial at this stage, 
since we can simply assume that the deformation parameter is h^. This means that 
the obstruction ^ is automatically zero at odd orders. However, when we turn to 
the hexagon identities, the obstruction ip is not necessarily zero at odd order and 
Drinfeld uses the freedom of adding a 5 cocycle to ^> in "killing the obstruction" . 
We must show that when we impose the extra symmetries, no modification of $ is 
necessary at odd orders. More explicitly, if we extend $ as above and TZ by 

7^' = 7^ + r/i^, 

then the new obstruction is 

- (A ® id)r + 0^^^ + - 0^32 + + 0. 

The terms in r define the modified Cartier operator 5'r = (A (8) id)r — r^^ — r^^. 
Transposing factors 1,2 and subtracting gives 

V'- V'^^^ + eAit^. 

Drinfeld proves that '^ — if:'^'^'^ G A^^, and it is possible to cancel this term by adding 
a 5 cocycle to $ (since ^(A^^) = 0). We want to show that for n odd, ij) — ip'^^^ = 0. 
At this point the additional conditions (A. 3-4) on TZ become relevant. Suppose that 
these conditions are satisfied modulo h"', and define x by 



/ A '7^ 
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Since TZ= 1 mod h we also have 

(A.8) nn=i + xh''. 

Substituting —h for h we find 

Therefore, x = for n odd. For n even, applying S to (A.8), we get 
so x"^ = X- Setting 

n' = n-^xh'', 

we have (A. 3-4) to order h'^'^^. We compute the obstruction ip for this TZ' , which 
we shall denote simply TZ. Applying S, 

(A id)n = (A ^c^)(7^)^ = {^^^^TZ'^{^^^^)-^TZ^Hf + V^/i" 

= $321^23(^231)-1^13^213 ^^S;^n^ 

where we used ^^^^ = in the last step. Transposing factors 1,2 leaves the left 
side invariant and gives 

(A ® id)R = $312^13(^132)-1^23^ ^ {^j'^^^fh''. 

Therefore 

(A.9) (V^^^^)^ = V'. 

On the other hand 

((A Zd)7t)^ = (d312:^13(dl32)-l7t23^)5 ^ ^S(_/,)n 

_ /K — l/''T->23\ — 1/r132/'t->13\-1//r312\ , / -wn^i.Sun 



32 



Taking inverses in (A. 6) gives 

= $-l(7^23)-1^132(^13)-l(^312) _ ^^n_ 

Thus 

(A.IO) = {-ly+^i/j. 

Then 

SO is symmetric in 1,2 for n odd, and antisymmetric in 1,2 for n even. 

For n even we can "kill the obstruction" by adding cph"^ to $ where (f) = & 
A^Q. For n odd, we don't change $ but add to 7?. a term r/i" satisfying the equation 

(A.ll) 6'r = ip, 

where 5' is the modified Cartier coboundary in dimension 2. The second cohomology 
group for 6' is A^Q (8) U{Q), and since ijj is symmetric in 1,2 it must cobound, 
moreover i(; is S invariant and the cochain it cobounds can be chosen S invariant. 
Thus the condition (A. 3) is preserved. Moreover, since n is odd, and TZ = 1 mod 
h, adding any term rh'^ will not affect condition (A. 4). This shows that one can 
take the next step in the recursive construction of the pair TZ). □ 

Consider the regular representation of U{Q) on the the compactly supported 
functions on the corresponding Lie group G. If we define a scalar product using 
the Haar measure, then ioT u E U{Q) the operator S{u) is a formal adjoint to the 
operator u. The elements F, R of the double tensor product and $ of the triple 
tensor product can be considered as formal power series operators acting on the 
functions on G x G and G x G x G respectively. Extending S conjugate linearly 
and using the pure imaginary deformation parameter w conditions (A. 3) and (A. 4) 
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Corollary. Extending S conjugate linearly and using it to define the formal ad- 
joint, as explained above, we have the following formal unitarity conditions on F, TZ 
and 



fp. fp* —zp. zpS _ 1 



YTZ- =TZ^ ■ TZ = 1 
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